Abstract. Suppose that A is a C * -algebra acting on a Hilbert space H, and that ϕ, ψ are mappings from A into B(H) which are not assumed to be necessarily
class, e.g. derivations, is continuous. S. Sakai [16] proved that every derivation on a C * -algebra is automatically continuous. This is an affirmative answer to the conjecture made by I. Kaplansky [11] . J. R. Ringrose [15] extended this result for derivations from a C * -algebra A to a Banach A-bimodule X. B. E. Johnson and A.
M. Sinclair [10] proved that every derivation on a semisimple Banach algebra is automatically continuous. Automatic continuity of module derivations on JB * -algebras have been studied in [8] . The reader may find a collection of results concerning these subjects in [6, 17, 18] .
M. Brešar and A. R. Villena [4] proved that for an inner automorphism ϕ, every (id, ϕ)-derivation on a semisimple Banach algebra is continuous, where id denotes the identity mapping. In [12] , it is shown that every (ϕ, ψ)-derivation from a C * -algebra A acting on a Hilbert space H into B(H) is automatically continuous, if ϕ and ψ are continuous * -linear mappings from A into B(H).
This paper consists of five sections. We define the notion of a (ϕ, ψ)-derivation
in the first section and give some examples in the second. In the third section, by using methods of [12] , we prove that if ϕ is a multiplicative (not necessarily linear) * -mapping from a C * -algebra A acting on a Hilbert space H into B(H), then every * -ϕ-derivation d : A → B(H) is automatically continuous. In the fourth section, we
show that for not necessarily linear or continuous * -mappings ϕ, ψ : A → B(H) the continuity of a * -(ϕ, ψ)-derivation d : A → B(H) is equivalent to the left d-continuity of ϕ and the right d-continuity of ψ. The mapping ϕ (resp. ψ) is called left (resp.
. Obviously these conditions happen whenever lim
in particular whenever ϕ and ψ are bounded linear mappings. Thus we extend the main results of [12] to a general framework. Furthermore, we prove that if d is a continuous * -(ϕ, ψ)-derivation, then we can replace ϕ and ψ with mappings with 'at most' zero separating spaces. The last section is devoted to study the continuity of the so-called generalized * -(ϕ, ψ)-derivations from A into B(H).
The reader is referred to [6] for undefined notations and terminology.
Examples
In this section, let B be an algebra, let A be a subalgebra of B, and let X be a B-bimodule. The following are some examples concerning Definition 1.1. )-derivation.
Example 2.3. Let ϕ, ψ : A → A be homomorphisms, and let x ∈ X be a fixed element. Then the linear mapping d x : A → X defined by
is a (ϕ, ψ)-derivation, which is called an inner (ϕ, ψ)-derivation corresponding to x. Take λ ∈ C and fixed elements f 1 , f 2 , and h 0 in C[0, 2], such that
For example, let us take
where χ E denotes the characteristic function of E. Define ϕ, ψ, d :
Moreover, we may choose γ and θ such that ϕ and ψ are neither linear nor continuous.
multiplicative mappings
In this section, we are going to show how a multiplicative property gives us the linearity. We start our work with some elementary properties of (ϕ, ψ)-derivations.
Lemma 3.1. Let B be an algebra, let A be a subalgebra of B, and let X be a B-
for all a, b, c ∈ A, and all λ ∈ C.
Proof. Let a, b, c ∈ A and λ ∈ C. For the first equation we have
.
, we obtain the other equations.
We also need the following lemma. Recall that, for a Hilbert space H, a subset Y
Lemma 3.2. Let H be a Hilbert space, and let Y be a self-adjoint subset of B(H).
The inverse inclusion can be proved similarly.
Recall that a mapping f :
Theorem 3.3. Suppose that A is a C * -algebra acting on a Hilbert space H. Let
Proof. Set
Since ϕ is a * -mapping, Y is a self-adjoint subset of B(H). Put
Let L be the closed linear span of L 0 , and let K := L ⊥ . Then H = K ⊕ L, and by Lemma 3.2, we get
Suppose that p ∈ B(H) is the orthogonal projection of H onto K, then by (3.1) we
for all b, c ∈ A, and all λ ∈ C. Now we claim that,
To end this, note that by Lemma 3.1, we have
for all a, b, c ∈ A, and all λ ∈ C. Thus d(a)L = 0, and so d(a)(1 − p) = 0, for all
Similarly, since ϕ is multiplicative, we deduce from (3.2) and (3.3) that
for all a, b, c ∈ A, and all λ ∈ C. Therefore ϕ(a)(K) ⊆ K. Since ϕ is a * -mapping, we conclude that pϕ(a) = ϕ(a)p, for all a ∈ A. Now define the mapping Φ : A → B(H) by Φ(a) = ϕ(a)p. One can easily see that Φ is a * -homomorphism, and so it is automatically continuous. Using (3.4), we obtain
Hence d is a Φ-derivation. We deduce from Theorem 3.7 of [12] that d is continuous.
d-continuity
We start this section with the following definition. (ii) As for linear mappings, the separating space of a mapping T is defined to be S(T ) := {b ∈ B | ∃{a n } ⊆ A, a n → 0, T (a n ) → b}. 
for all b, c ∈ A and all a ∈ S(d).
Proof. Suppose that a ∈ S(d). Then a = lim n→∞ d(a n ) for some sequence {a n } converging to zero in A. By Lemma 3.1 (i), we have
In the rest of this section, we assume that A is a C * -subalgebra of B(H), the C * -algebra of all bounded linear operators on a Hilbert space H. Also ϕ, ψ, and d are mappings from A into B(H). Removing the assumption 'linearity' and weakening the assumption 'continuity' on ϕ and ψ, we extend the main result of [12] as follows. Proof. Set
Let L be the closed linear span of L 0 , and let K := L ⊥ . Then H = K ⊕ L, and by Lemma 3.2, we have
Suppose that p ∈ B(H) is the orthogonal projection of H onto K, then by (4.1), we
for all b, c ∈ A. We claim that, 
Since ϕ is a * -mapping we conclude that 
Thus Φ is a multiplicative * -mapping. Now for a, b ∈ A,
Thus D is a * -Φ-derivation, and it is continuous by Theorem 3.3. Now, we show that S(d) = {0}. Let a ∈ S(d), then there exists a sequence {a n } converging to 0 in we have a(ℓ) = 0. It follows from continuity of D that
Thus a(h) = a(k) + a(ℓ) = 0, and so d is continuous.
Theorem 4.4. Every ϕ-derivation d is automatically continuous, provided that ϕ is d-continuous, and at least one of ϕ or d is a * -mapping.
Obviously these are * -mappings,
A straightforward calculation shows that if ϕ is a * -mapping then is also d-continuous. We have
Thus d is a * - for all a ∈ A. We have
Hence d is a (Φ, Ψ)-derivation. Proof. Set
Let L be the closed linear span of L 0 in H, and let
is the orthogonal projection of H onto L. It follows from continuity of operators
, and so
and
The same argument shows that ψ(a)(L) ⊆ L. Now we define ϕ ′ and ψ ′ from A into and h ∈ H, we have
since p commutes with d(a), ϕ(a), and ψ(a). Suppose that S(ϕ ′ ) = ∅ and a ∈ S(ϕ ′ ).
If a = lim n→∞ ϕ ′ (a n ) for some sequence {a n } in A converging to zero, then
and by continuity of operator a, we get a(ℓ) = 0 (l ∈ L), and hence a = 0.
Similarly the separating space of ψ ′ is empty or {0}.
generalized (ϕ, ψ)-derivations
In this section, we study the continuity of generalized (ϕ, ψ)-derivations. Proof. Suppose that {a n } is a sequence in A, and a n → 0 as n → ∞. By the Cohen factorization theorem, there exist a sequence {b n } in A, and an element c ∈ A such that a n = cb n , for all n ∈ N, and b n → 0 as n → ∞. By 
